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Abstract 

Let i? be a eommutative F-algebra, where F is a field of cliarac- 
teristic 0, satisfying the following conditions: R is equidimensional of 
dimension n, every residual field with respect to a maximal ideal is 
an algebraic extension of F, and Deri^(i?) is a finitely generated pro- 
jective i?-module of rank n such that Rm ®r Derir(i?) = D&c F{Rm)- 
We show that the associated graded ring of the ring of differentiable 
operators, D{R,F), is a commutative Noetherian regular with unity 
and pure graded dimension equal to 2dim(i?). Moreover, we prove 
that D{R,F) has weak global dimension equal to dim(i?) and that 
its Bernstein class is closed under localization at one element. Using 
these properties of D{R, F), we show that the set of associated primes 
of every local cohomology module, H}{R), is finite. If {S,m,K) is 
a complete regular local ring of mixed characteristic p > 0, we show 
that the localization of S at p, Sp, is such a ring. As a consequence, 
the set of associated primes of H}{S) that does not contain p is fi- 
nite. Moreover, we prove this finiteness property for a larger class of 
functors. 

1 Introduction 

Let R denote a commutative Noetherian ring with unity. If M is an 
i?-module and / C i? is an ideal, we denote the i-th cohomology of M 
with support in / by Hj{M). The structure of these modules has been 
widely studied by several authors. Among the results obtained, one 
encounters the following finiteness properties for certain regular rings. 

(1) The set of associated primes of H}{R) is finite; 

(2) The Bass numbers of Hj{R) are finite; 

(3) inj.dimiJ|(i?) < dimSuppir|(i?). 



Lyubcznik showed (1), (2) and (3) hold in the local case of equal charac- 
teristic [Lyl| . His technique relies in the use of Z?-modules in a power 
series ring with coefficients over a field of characteristic 0. Later, in his 
work on local cohomology for unramified mixed characteristic p > 
[Ly2| , Lyubeznik used rings of differentiable type to prove that the set 
of associated primes not containing p is finite. Our goal is to develop 
the theory of D-modules in a more general setting in order to prove a 
similar result for any regular local ring of mixed characteristic, namely: 

Theorem 1.1. Let R be a regular commutative Notherian ring with 
unity that contains a field, F, of characteristic satisfying the following 
conditions: 

(1) R is equidimensional of dimension n; 

(2) every residual field with respect to a maximal ideal is an algebraic 
extension of F; 

(3) DcTp(R) is a finitely generated projective R-module of rank n 
such that Rm ^R^erpiR) = Deri?(i?m). 

Then, the ring of F-linear differential operators D(R, F) is a ring of 
differentiable type of weak global dimension equal to dim(i?). More- 
over, the Bernstein class of D(R, F) is closed under localization at one 
element. 

This theorem generalizes some of the results of Mebkhout and 
Narvaez-Macarro about certain rings of differentiable type jMeNa| . 
There, i? is a commutative Noetherian regular ring that contains a 
field, F, of characteristic zero satisfying (1), (2), but instead of (3) in 
Theorem II. 1[ there exist _F-linear derivations 9i , . . . , 9„ € Der (i?) 
and oi . . . , a„ G i? such that diOj = 1 if i = j and otherwise. 

Theorem 1.2. Let (R, m, A') be a regular commutative Notherian local 
ring of mixed characteristic p > 0. Then, the set of associated primes 
of H}{R) that do not contain p is finite for every i Cz N and every ideal 
ICR. 

In fact, we prove this finiteness property for a larger class of rings 
and functors. 

This manuscript is organized as follows. In section 2, we study 
certain rings of differentiable type, and we prove Theorem ll.il Later, 
in section 3, we generalize some results about properties of the Bern- 
stein class of rings of differentiable type obtained by Mebkhout and 
Narvaez-Macarro [MeNaj . Finally, in section 4, we show the finiteness 
of the associated primes of the local cohomology for certain rings in 
characteristic 0; moreover, we prove this result for a larger class of 
functors. As a consequence, we obtain Theorem 11.21 
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2 Rings of difFerentiable type 



We start by recalling a theorem from Matsumura's book: 

Theorem 2.1 ( Too. 99 in jMaj ). Let {R,m,F) be a regular local 
commutative Notherian ring with unity of dimension n containing a 
field Fq. Suppose that F is an algebraic separable extension of Fq. Let 
R denote the completion of R with respect to m. Let xi,...,Xn be 
a regular system of parameters of R. Then, R ~ F[[xi, . . . , Xn\] the 
power series ring with coefficients in F , and Dcv pR is a free R-module 
with basis d / dxi, . . . ,d / dxn- Moreover, the following conditions are 
equivalent: 

• d/dxi (i = l,...,n) maps R into R, i.e. d/dxi G DerpaiR); 

• there exist Di, . . . , _D„ G T)eTpg{R) and ai, . . . , a„ G R such that 
DiOj ~ I if i ^ j and otherwise; 

• there exist Di, . . . , Dn G T)eTp^{R) and ai . . . , a„ G i? such that 
det{Diaj) ^ m; 

• 'Devp,j[R) is a free module of rank n; 

• rank(Derf^j, (i?)) = n. 

Hypothesis 2.2. From now on, we will consider a commutative Noethe- 
rian regular ring R with unity that contains a field, F, of characteristic 
zero satisfying: 

(1) i? is equidimensional of dimension n; 

(2) every residual field with respect to a maximal ideal is an algebraic 
extension of F; 

(3) Deri?(i?) is a finitely generated projective i?- module of rank n 
such that Rm ®r Deri?(i?) = 'Dcrp{R,n). 

This hypothesis is inspired by the properties (i), (ii) and (iii) (1-1.2) 
in [MeNa] . There, i? is a commutative Noetherian regular ring that 
contains a field, F, of characteristic zero satisfying (1), (2), but instead 
of (3) in Hypothesis 12.21 there exist _F- linear derivations 9i , . . . , 9„ G 
Derirg(i?) and ai . . . , a„ G R such that diOj ~ 1 li i = j and oth- 
erwise. In our hypothesis, part (3) includes more rings; for instance, 
Rcmark l2.6l gives an example of a ring that satisfies Hvpothesis l2.2l but 
not (1.1.2) in [MeNa] . However, when R a local ring the properties are 
the same by Theorem 12. II 

Remark 2.3. Every regular finitely generated algebra over the com- 
plex numbers, R. satisfies Hvpothesis l2.2l This is because, by Theorem 
8.8 |Ha| . Derc(i?) ~ Homi^(r2fl/c, R) and ^r/c is a projective module 
such that rank(r2/j^^/c) — dim(i?) for every maximal ideal m C R. 
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Proposition 2.4. Let R be a commutative Noetherian regular ring 
that contains afield, F, oj characteristic zero satisfying (1), (2), and 
such that there exist F-linear derivations di,...,dn € Devpg^R) and 
oi . . . , a„ G R such that diOj — I if i — j and otherwise. Then, R 
satisfies Hvpothesis \2.S[ 

Proof. This follows from Theorem 12. II □ 

A proof of Proposition 12 .41 along with several consequences, is con- 
tained in Remark 2.2.5 in |MeNaj . 

Theorem 2.5. Let S be a commutative Noetherian regular ring that 
contains a field, F , of characteristic zero satisfying Hypothesis \2.2[ If 
there is an element / £ 5 such that R ~ S/ fS is a regular ring, then 
R satisfies Hvvothesis \2.2\ 

Proof. We have that property (1) holds because dim 5 — 1 = dimS*,, — 
1 = dim _R„i for every maximal ideal m = r^R C R, where rj G S is 
a maximal ideal of S containing fS. In addition, property (2) holds 
because every residual field of i? is a residual field of S. 

We only need to prove property (3). Let n = dim(S'). For every 
maximal ideal rj C S containing fS, we may pick a regular system of 
parameters, for S*,, such that yi — f. Then, by Theorem 

12.11 there exist Si G Deri?(S',,) such that 5i{yj) = 1 ii i = j and zero 
otherwise; moreover, Deri?(S'^) is a free S'rj-module of rank n generated 
by (5i,...(5„. 

Let ^pf : Deri? (5) R he the morphism defined by 9 — > [d{f)], 
where represents the class of d{f) in R. Then, S*,, (8)5 Ker(iy9/) is 

isomorphic to {S e Deri?(5,,) : S{f) £ f-S,j} = S,^f 61^8^62® . ■ .©5'^(5„ 

Noticing that / • Deri?(5) C Kcripf, we define N = Kei(pf/{f ■ 
Derj?(S')) and point out that it is a finitely generated i?-module. Let 
m — rjR. Then, Rm ®fl N = RmS2 © ... © RmSn ~ Deri?(i?,„), where 
the last equality uses Theorem 12. II 

We have a morphism ip : N Dcr f{R) defined by taking ■i/)[9](r) = 
[9(r)], which is well defined by the definition of N. For every maximal 
ideal m C R, there is a natural morphism im ■ Rm Deri?(i?) — > 
Der F{Rm)- We notice (i,„ o (g) ip) is an isomorphism between 
Rm ®fl N and Derp{R„i) for all maximal m C R. Therefore, N„i = 
Rm Dei f{R) ~ Dei p{R„i) for all maximal m C R. Hence, ip is an 
isomorphism. □ 

Remark 2.6. It is worth pointing out that there are examples were 
R satisfies Hvpothesis 12.21 but Dcrp{R) is not free. Let S = M[x,y, z] 
be the polynomial ring in three variables and coefficients over M. Let 
f = x'^ + y'^ + z'^ - 1 e S. Then, R = S/fS, the coordinate ring 
associated to the sphere, satisfies Hvpothesis 12.21 but DerR(i?) is not 
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free. Let 4> '■ — > i? be the morphism given by (a, b, c) {ax, by, cz). 
Thus, DerR(i?) = Ker{4)) by the proof of Theorem 12.51 Therefore, 
DerH(i?) is the projective module corresponding to the tangent bundle 
of the sphere, and so it is not free. This example also shows that the 
conclusion of Theorem 12 . 51 does not hold for properties (i), (ii) and (iii) 
(1.1.2) in jMeNaj . In that sense, Hvpothesis 12.21 behaves better under 
regular subvarieties. 

Main Example. Let {V, ttV, K) he a DVR of mixed characteristic p > 
0, and let F denote its fraction field. Let S = V[[xi, . . . , Xn+i]] ®v F 
he the tensor product of the power series ring with coefficients in V and 
F. Let R = S/{f)S be a regular ring where / = tt — ft, for an element h 
in the square of maximal ideal of V[[xi, . . . , a;„+i]]. Then, R satisfies 
Huvothesis\2.2i 

Proof. Since S is as in Proposition 12.41 |Ly2| pages 5880 — 5881) and 
TT — h G S is a regular element, we have that R satisfies Hvpothesis 12.21 
by Theorem □ 

Let F be a field of characteristic and R a commutative Noetherian 
ring with unity containing F. We denote by D{R, F) the ring of F- 
linear differential operators of R. This is a subring of iiomp{R, R) de- 
fined inductively as follows. The differential operators of order zero are 
the morphisms induced by multiplying by elements in R. An element 
6 e Iiomp{R, R) is a differential operator of order less than or equal to 
j + 1 ii [9,r] 6 ■ r — r ■ 9 is a differential operator of order less than or 
equal to j. We have an induced filtration F = (F-') on D{R, F) given by 
F-' = {9 € D{R,F) I ord(6') < j}. As a consequence of the definition, 
we have that F^F^ C Tj+, and that gi^{D{R,F)) = ®f^^^T^ /T^^^ is a 
commutative ring. 

An example is given by a commutative Noetherian regular ring R 
with unity that contains a field, F, of characteristic 0, as in Proposition 
12.41 In this case, D{R,F) = R[di, . . . ,dn] C HompiR, R); moreover, 
gr^ {D{R, F)) = R[yi, . . . , yn] the polynomial ring with coefficients on 
R and variables yi, . . . yn and w.gl.dim(D(i?, F)) = dim(i?) (cf. Main 
Theorem in |Bj2| , (1.1.3) and Theorem 1.1.4 in jMeNaj . and Theorem 
2.17 in |Naj ) . We would like to have similar properties for D{R,F) 
and gi^{D{R,F)) when R satisfies Hvpothesis 12.21 

We will denote by D the subalgebra of Homj? (i?,i?) generated by 
R and Deri;-(i?), where R = Hom^ (i?,i?) C iloiaF{R, R). We define 
an ascending filtration F^ of i?-modules in D inductively as follows. 
T'q = R. Given F^-, we take F^_|_;^ as the Abelian additive group gener- 
ated by {r'j,DeT F{R)-^'j}- Since F^ is generated by multiplying deriva- 
tions, we have that for every S GT'^ and f £ R, [6, f] = f5 — 6fe Tj-i- 
Therefore, F^- is an i?-submodule of D with respect to the structures 
induced by multiplication by the left or by the right. Additionally, 
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D C D{R, F) and T'^ C Tj because Dcvf{R) C Ti. 

We have that for every s £ R, Adj^ : D{R, A) -5- D{R, A), defined 
by Adjj,((5) ~ s5 — Ss, is nilpotent. Let m C i? be a maximal ideal 
and S = R\m he the induced multiplicative system. Then, is a 
multiplicative set satisfying the Ore condition on the left and on the 
right in D{R, A) and, as a consequence, in D. Hence, S~^D{R, F) and 
S~^D exist as filtered rings. 

Proposition 2.7. With the same notation as above, D{R,F) = D as 
filtered rings. 

Proof. Let m C i? be a maximal ideal and S = R\m he the induced 
multiplicative system. We have that S~^Tj = S'~^r^ by condition (3) 
in Hypothesis O Therefore, S'^D = D{R„„F) = 

S'-ii:'(i?,F) as filtered rings. ' □ 

For simplicity, we wih denote D{R, F) by D and (i?\m)"^D(i?, F) 
by D,n for a maximal ideal m C R. We note that the inclusion 
D D„i induces an inclusion gr^(£>) — > gi^"" {Dm) of rings, and 
gr^™(£)m) = R,n ®R gr^{D). If M is a left or right finitely generated 
Z)-module with a good filtration H, then Dm (Sid M oi M (8)d Dm, re- 
spectively, has a filtration given by Rm (s^r H and gr^" {Dm ®r> M) = 

Rm (»R gT^{M). 

We have that Dm is a left and right flat module over D, and 

Dm Dm = Rm ^R D ^ D '^R Rm = -Dm- K M IS & Icft Or 

right finitely generated Z?-module, there exist a canonical isomorphism 
Ext^,^ {Mm, Dm) ^ 5-iExt'^(Af, D) ^ Rm ®R Extl3(M, D) for every 
i e N. 

We have, by Theorem l2.11 that for every maximal ideal m C i? there 
exist elements xi, . . . ,Xd € Rm and F-linear derivations di, . . . ,dd € 
DeTF{Rm) such that di{xj) = 1 if i = j and zero otherwise. Therefore, 
w.gl.dim(Z?,„) = n and gr^^{Dm) = R[yi, ■ ■ ■ ,yn] is the polynomial 
ring with n variables and coefficients in Rm |Bj2| . 

We recall the definition of a ring of differentiable type (cf. (1.1) in 
IMeNaj l. 

Definition 2.8. A filtered ring A is a ring of differentiable type if its 
associated graded ring is commutative Noethcrian regular with unity 
and pure graded dimension. 

Theorem 2.9. {D, F) is a ring of differentiable type such that gi^ {D) 
is a ring of pure graded dimension 2n. 

Proof. Let gr'"(_D) be the associated graded ring. We will prove the 
proposition by parts. 
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gT^ (D) is commutative: This follows from the definition of the filtra- 
tion r on D = D{R,F). 

gY^{D) is Noetherian: Let c)i, . . . , 9™ be a set of generators for Deri?(i?). 
Let (f) : R\zi, . . . , z,„] gr^(Z?) be the morphism of commutative R- 
algebras defined by Zi [di]. We have, by the definition of F' = F, 
that (j) is surjectve. Hence gr^{D) is Noetherian. 

gT^{D) is regular: Let Q C gr^(D) be a prime ideal and m C R he 
a maximal ideal that contains Q O R. Then gr'"(D)Q = {gr^ {D)m)Q 
which is regular because gi^{D)m is a polynomial ring over R^. 
gr^{D) has pure graded dimension 2n: Let 77 be a maximal homoge- 
neous ideal of gr'"(D). We claim that to = 77 n i? is a maximal ideal of 
R. If not, there exist a maximal ideal m' G R strictly containing to. 
Then, m' + 77 would be a proper ideal of gT^{D) that strictly contains 
77. Hence, gr'"(£')^ is the localization of gi^{D)m at a maximal homo- 
geneous ideal, then, dim(gr^(D)^) = 2n because gr^{Dm) is a ring of 
pure graded dimension 2n. □ 

Remark 2.10. Narvaez-Macarro [Na| showed that if S" is a ring con- 
taining a field, F, of characteristic and Dcri?(S') is a projective 5- 
modules of finite rank, then gT{D{S, F)) = Sym(Deri?(S')). Hence, we 
have that gT{D) ^ Sym(Deri?(i?)) by Hypothesis [221 

Corollary 2.11. D is left and right Noetherian. 

Proof. This follows from Proposition 6.1 in |Bjl| . □ 
Proposition 2.12. w.gl.dim(Z3) = dim(i?) 

Proof. Since D is left and right Noetherian, w.gl.dim(D) = l.pd(Z?) = 
r.pd(_D) by Theorem 8.27 in |Ro| . The value to this dimension is 
equal to the maximum integer j such that Ext^ (i\jf , i?) 7^ for some 
finitely generated Z?-module M because D is of differentiable type. As 
Rm '^R Ext^(M, D) = Ext^^{Mm,Dm) = for every maximal ideal 
m C R and integer j > n, we have that 'Ext-'jj{M, D) = for every 
D-modulc M and for j > n. Hence, w.gl.dim(Z?) < n. Likewise, 

Rm ExtliR, D) = Ext£^ (i?™. Dm) ^ 

for any m C R, so, Ext'}){R,D) ^ 0. Hence w.gl.dim(D) > n. □ 

3 The theory of the Bernstein-Sato poly- 
nomial and the Bernstein class of D 

Throughout this section we arc adapting the results of Mcbkhout and 
Narvaez-Macarro to R and D |MeNa] . In particular, we show that 
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the existence of the Bernstein-Sato polynomial and that the Bernstein 
class of D is closed under localization at one element. 

Definition 3.1. Let A be a ring of differentiable type. Let M 7^ be 
a finitely generated left or right A-module. We define 

grades (A/) = inf{j : Ext'jM^A) ^ 0}. 

Proposition 3.2. Let A be a ring of differentiable type. Let M ^ 
be a finitely generated left or right A-module. Then, 

dim(A/) + grade^(i\/) = dim(gr^(A)). 

Ln particular, dim(Af) > dim(gr(A)) — w.gl.dim(A). Moreover, we 
have that 

codim^(Ext^(M, A)) > i 
for alli>0 such that codimA(Ext^(A'f, A)) ^ 0. 

Proof. This is a generalized form of Theorem 7.1 of section 2 in |Bjl| 
given by Gabber [Gaj . The proposition is stated in this form in 
Mebkhout and Narvaez-Macarro's article as Theorem 1.2.2 jMeNa) . 

□ 

Definition 3.3. Let A be a ring of differentiable type. Let M be a 
finitely generated left or right A-module. We say that M is in the left 
or right Bernstein class if it has minimal dimension, i.e. dim(M) = 
dim(gr(A)) — w.gl.dim(74). 

This class is closed under submodules, quotients and extensions. 
The functor that sends M to Ext^(A/, A) is an exact contravariant 
functor that interchanges the left Bernstein class and the right Bern- 
stein class. Moreover, M = ExtJ(Ext^(M, A), A) naturally if M is in 
either the left or the right Bernstein class, so that we have an anti- 
equivalence of categories. In consequence, the modules in the Bern- 
stein class have finite length as A-modules because it is a left and right 
Noetherian ring jMeNal Prop. 1.2.7]. 

Proposition 3.4 (Prop, in 1.2.7 [MeNaj ) . Let A be a ring of differ- 
entiable type and let f be an element in Aq. Let M be an A f -module 
finitely generated, such that Ext^^ (Af, Ay) = if i ^ w.gl.dim(A). 
Then, there exists a submodule M' C M over A such that M' is finitely 
generated with minimal dimension and M'j = M . 

Through the rest of this section, F{s) denotes the fraction field of 
the polynomial ring F[s] over the field F, and D{s) denotes the ring 
F{s) (dp D with the filtration given by F{s) 0^ P'. By R{s), we mean 
the F(s)-algebra F{s) ®p R. Similarly, D[s\ denotes F[s\ ®f D and 
R[s\ denotes F[s\®f R- 
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Proposition 3.5. R{s) is an F(s)-algebra equidimensional of dimen- 
sion dim(i?). 

Proof. This is an immediate consequence of Theorem 2.1.1 in [MeNaj . 

□ 

Proposition 3.6. D{s) is a ring of differentiable type with the fil- 
tration F(s) ®F r such that gr^'^®)®*'^(L'(s)) is a ring of pure graded 
dimension 2dim(i?). 

Proof. Since _D is a ring of differentiable type, 

g^F(.)0,rp(^)) = Fis)®F[,]F[s](^Fgr'^iD) = Fis)®F[,]®pgT^ iD)[s] 

is commutative, Noetherian and regular. For the sake of simplicity, we 
will omit the filtration. We claim that gr(Z?(s)) has pure graded di- 
mension 2dim(i?) = 2n. Let rj C gr(Z)(s)) be a maximal homogeneous 
ideal and P = r] C] R. Let m C i? be a maximal ideal containing P. 
We have that the ideal rjm, induced by 77, is a maximal homogeneous 
ideal of 

(i? \ m)-igrp(s)) = Fis) ®f gr(An) = (Fis) ®f R,n)[yi, y„], 

the polynomial ring with coefficients on F(s) (E>f Rm and variables 
2/1, ... , Pn- Then, ht(77) = ht(77m) = 2n because F{s) i^f Rm is equidi- 
mensional of dimension n by Theorem 2.1.4 in |MeNa] . □ 

Let M be a left Z)(s)-module in the Bernstein class of D{s). Let N 
be a ZJ-module in the Bernstein class of D such that F{s) (S)f N = M. 
For every £ G F, the D-module Mi := N/{s — i)N is the Bernstein 
class of D. 

Proposition 3.7. With the same notaton as above, we have that 

dimc(s)(A/) > dimoiNe), 
for all but finitely many £ £ F. 

Proof. This is analogous to the proof of Theorem 2.2.1 in [MeNaj. □ 

Proposition 3.8. w.gl.dim(Z3(s)) = dim(i?) = n. 

Proof. This is analogous to the proof of Theorem 2.2.3 in [MeNaj . □ 

Let N[s] be the free i?/[s]-module generated by a symbol f** and 
let N{s) = F{s) (8)F N[s]. We give to N[s] (resp. N{s)) a structure of 
a left D/[s]-module (resp. D/(s)-module) as follows, 

dgP = {dg + sgf-^)r 
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for every d e Dcr p{R) and every g € Rf[s] (resp. g G Rf{s) ). If M is 
a left D-module, we define M/[s]P := Mf[s] «)_r^[s] N[s] = M ^rN[s] 
and Mf{s)P := N{s) (E)^^^^] Mf{s) = M(^rN{s). This is a left Df[s]- 
module (£'/(s)-module), and clearly, M/[s]P (M/(s)f^) is a finitely 
generated [s]-module (Z3/(s)-module) if M is. 

Proposition 3.9. Let M be a left D-module in the Bernstein class 
and let u G M . Then, there exists a nonzero polynomial h{s) S F[s\ 
and an operator P{s) € D[s\ that satisfies the equation 

b[s){u®t^) = P[s)f{u®f') 

in M[s]f^ 

Proof. This is analogous to 3.1.1 in |MeNa| . □ 

Corollary 3.10. If M is a left D-module in the Bernstein class, the 
Mf is a finitely generated D-module. 

Proof. For £ G Z, we define a morphism of specialization (f>£ : M/[s]P — >■ 
Mf by (l)i{us' (g) P) = tf^u, such that MPis)v) = P{£)(l)i{v). Then, 
by applying this morphism to the result of Proposition l3.9[ we have 

b{£)f'u = 

and the conclusion follows. □ 

Corollary 3.11. Let M be a left D-module in the Bernstein class. 
Then, Mf is also in the Bernstein class for all f G R. 

Proof. Since Mf is finitely generated as a D-module, it suffices to 
show that dimgi-(£))(gr(M/)) is n. Since Rm ®r M is in the Bern- 
stein class of Drrn we have that Mf is in the Bernstein class of Dm 
for every maximal ideal to C i? by Theorem 2.2.3 in jMeNaj . Thus, 
dimgr(D^)(gr((M„)/)) = n and, therefore dimgr(D)(gr(M/)) = n. □ 

Proof of Theorem \L1\ This is a consequence of Theorem 12. 9| Propo- 
sition [^H] and Corollary EHH □ 

4 Local cohomology 

Let us recall the family of functors introduced by Lyubcznik |Lyl| . If 
Z C Spec(i?) is a closed subset and M is an i?-module, we denote by 
H^^{M) the i-th local cohomology module of M with support in Z. 
This can be calculated via the Cech complex as follows: 

-> A/ ®,Mf. ^ . . . ^ ®*^'^A.../V-/. ^ ^%-/. ^ (1) 
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where Z^V{h,...Je)^{Pe Spec(i?) : {fi, . . . Je) C P} 

For two closed subsets of Spec(i?), Zi d Z2, there is a long exact 
sequence of functors. In particular, H^^{M) ~ H\{M). 

• • ■ ^ Hz,2 ^ ^Zi/Z2 ^ ■■■ (2) 

Definition 4.1. We say that T is a Lyubeznik functor if has the form 
T = Ti o • • • o Tt, where every functor 7j is either Hz^, i?^^^^^, or 
the kernel, image or cokernel of some arrow in the previous long exact 
sequence for closed subsets Zi, Z2 of Spec(i?) such that Z2 d Z\. 

Lemma 4.2. Let M be a left D-module in the Bernstein class. Then, 
7{M) has a natural structure of D-module such that it belongs to the 
Bernstein class for every functor 7 as in Definition \4-l\ 

Proof. Mf has a structure of Z?-module given by 

d-m/f'^{f'5-m~S{f')m)/f'' 

for every S € DerpiR)- Then, T(Af) is a /^-modules by Examples 2.1 
in |Lyl| . Since M is in the Bernstein class, Mf is in the Bernstein 
class and M Mf is a morphism of 15-modules by Corollary 13.111 
Since the Bernstein class is closed under extension, submodules and 
quotients, every element in the complexes ([T]) and ([2]) as well as the 
kernels, images and homology groups are in the same class, and the 
result follows. □ 

Lemma 4.3. Let M be a left D-module in the Bernstein class. Then, 
Assfl(A/) is finite. 

Proof. Suppose M 7^ 0. Let Mi = M and Pi be a maximal element 
in the set of the associated primes of Mi. Then, A^i = Hp^{Mi) a 
nonzero Z?-submodule of Mi, and it has only one associated prime. 
Given Nj and Mj, set M,+i = Mj/Nj. If M,+i ^ 0, let Pj+i be a 
maximal element in the set of the associated primes of M^+i. Then 
Nj^i ~ Hp,{Mj^i) has only one associated prime. If Mj_|_i = 0, set 
Nj^i ~ 0. Since Mi — M has finite length as a D{R, A)-modulc, 
there exist £ e N such that Mj = for j > £, and then Ass(M) C 
{Pi,..., Pi}. □ 



Theorem 4.4. Let R be a ring that satisfies Hypothesis and let 
M be an D-module in its left Bernstein class. Then, AsSfl(T(Af)) is 
finite for every functor 'J(— ) as in Definition \4-l\ In particular, this 
holds for H\{R) for every i G N and ideal I C R. 



Proof. This follows immediately form Lemmas 14.21 and 14.31 □ 
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Corollary 4.5. Let {R,m,K) be a regular local ring of mixed char- 
acteristic p > 0. Then, the set of associated primes of'J(R) that does 
not contain p is finite for every functor T as in Definition \^.l\ 

Proof. Let R be the completion of R with respect to the maximal ideal. 
Then, the set of associated primes of 7{R) that does not contain p is 
finite if the set of associated primes of ^(i?) = R®p 7{R) that does 
not contain p is finite. We can assume without loss of generality that 
i? is complete. Thus, R = V[[xi, . . . ,Xn+i]]/(ji — h)V[[xi, . . . ,Xn+i]] 
where {V,pV,K) is a DVR of unramified mixed characteristic p > 
and h is an element in the square of maximal ideal of T^[[a;i, . . . , x^+i]] 
by Cohen Structure Theorems. Let F be the fraction field of V. It 
suffices to show that Assb,{F = AsSfl(T(F R) is finite, 

which follows from our main example and Theorem 14.41 □ 

Proof of Theorem \1.2[ This is an immediate consequence of Corollary 
H31 □ 
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